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Abstract. We derive the conservation laws for a wide class of discrete equations, including the
g-deformations of classical field-theoretic equations. The explicit expressions for the conserved
currents are used in the construction of the integrals of motion. The procedure is applied to the
nonlinear difference equation and to thevave equations irD = 3 andD = 4.

1. Introduction

We shall consider a simple and effective procedure for the construction of the deformed
conservation law and integrals of motion for a class of equations that depend on generalized
difference derivatives. Such equations occur in quantum algebra theory as the realizations
of the eigenvalue problem for Casimir operators [1-3], in the deformations of field-theoretic
equations, for example the-Klein—Gordon equation [1], the-Dirac equation [4], they-

heat equation ang-wave equations introduced in [3], as well as in discrete models [5-8].
Let us note that the application of the standard difference derivative to field theory with
non-localized action, as well as to the relativistic model of the electron, has also been studied
in the literature [9-11].

We propose to extend the formalism of standard difference derivatives and use the
generalized difference derivative [12, 13]. This formulation allows us partly to extend some
of the results of discrete mechanics [5-8] as we can include the lattice structure into the
equations.

On the other hand, this formalism can easily be applied to discrete field models on an
arbitrary lattice.

In this paper we focus on almost linear equations with only one nonlinear term
independent of derivatives. As we know, for this class of equations we can derive, in
classical theory, the conservation laws using the Takahashi-Umezawa procedure [14].

Our main result is therefore the extension of this method to models with generalized
difference derivatives replacing the differential ones. The case of equations with symmetric
generalized difference derivatives has been considered in [15]. We begin in section 2
with a brief review of the results of [15]. In section 3 we present the construction of
the conservation laws and integrals of motion for models described by non-symmetric
generalized difference derivatives. Then the method thus introduced is applied ¢e the
deformation of the wave equations and to the nonlinear general difference equation.
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Throughout the paper the following notation will be used.
e For the symmetric generalized difference derivative

L F@W) = F@ M)
Wl = " e W

e For the non-symmetric generalized difference derivative

fle®) - f)

0, = 2
b0 == @
e For the transformation operators
FfO=f@@) T fO=f@0) O =F@"0). ®3)

The corresponding partial derivatives and transformation operators acting on the respective
variables will be denoted a&, , 95, and¢,,.

We have chosen to number the points of the lattice by iterations of the transformation
¢. Nevertheless, all the results remain valid if one rewrites them according to standard
numbering. The notation is then as follows:

e For the symmetric generalized difference derivative:

3o 1) 1= LD o),

e For the non-symmetric generalized difference derivative:

f(tl'lJrl) - f(tn) )

tn-‘rl — Iy
e For the transformation operators:

¢ fty) = fltagn) T f () = flta1) ") = fturm) -

ale(tn) =

2. The conservation laws and integrals of motion in the models described by
symmetric generalized difference derivatives

Let us begin with a brief review of the results of [15], in which we derived the conservation
laws for linear equations with a generalized symmetric difference derivative of the form

A@)P=0 ?
i N ~ _
AQ0) = Z Ap. 3¢ul T a‘ﬁuz ®
=0

where the coefficients (which may be matrices) are constant and symmetric with respect to
the permutation of the set of indicég; ... u;) for eachl. The symmetry properties of the
coefficients are due to the fact that the derivatié(gscommute.

The Leibnitz rule for this type of operator is deformed in comparison with the classical
differential calculus:

Wlf -8l =10, f1¢t g + 15 f13sg. (6)

We have modified the Leibnitz rule so as to get on the right-hand side operators acting only
on one of the functions in the product. Taking into account the modified Leibnitz rule for
the symmetric derivative

Dylf (&~ +C)8l = f By + 098 )
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where
f(@@) — f(0)
Dyf(t) i=——"——=
+f $(t) —71(1)
as well as the classical results of Takahashi and Umezawa [14] for linear equations, we now
construct the operatdr,, with the property

Z(% + 5;#) oI, (0, ~9) =A@ — A(—<5_). @)
i

Here we have introduced the product sigto stress the way the left and right operators act
on the corresponding sides in the following formulae. Straightforward calculation shows

that
N-1

< -1/ < < _ _
0@, =0) =" Ay (=04, - (=04, )05, - 0y, + Ay (9)
=1 k=0
fulfils the above equation (8).
This operator is also unique in the class of local operators. Let us sketch the proof.

Proof. Let us denote monomials of derivatives acting on the left- and right-hand sides as
follows:

[, s i] = g, - 05, [, s ] = (=8¢, ) (=3g,)
It is clear that to solve equation (8) locally (that means in the case of discrete models
to get the result depending on a finite number of non-negative powers of the derivatives)
we should consider the polynomial solution in operatbend 3 of order N — 1. We must
take into account two facts:

e Only the constant coefficients in such a polynomial are admissible, because the
dependence of coefficients on variables would provide on the right-hand side of equality
(8) terms depending on the operatgrs and¢~ due to (6). These operators cannot be
expressed as polynomials in derivatives and therefore do not appaab)n- A(—9).

e In discrete models the left and right derivatives with respect to the same variable do
not commute (in contrast to classical differential calculus). Nevertheless it is sufficient
to consider mixed monomials with fixed orderipgy, . . ., uell trs1, - - - > ], @s mixed
monomials with any other ordering would produce non-constant coefficients in (10) and,
by the first remark, are not allowed.

Now we are able to write the general form of the solution for equation (8):
N-1 1

8 5 Z Zaﬂﬂl /ll[l'l/lv ceey Mk][“k#’l? IU/k+27 ey Ml] + ag (lo)

where the coefﬂments are constant.
We derive the explicit form of the coefficients in (10) using the condition (8):

> (@, +85,) 0 Tu(3. — )
”w

=

-1 1
Za DR Gl I AR TYOT) | TS T ST R )

1 k=0

Il
iR

+ [was s il kst eszs - - -5 al)

+a® (~[i] + [1]) = AG) — A(= D).
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Comparing coefficients of monomials of the same type on the left- and right-hand sides we
get the following equations for the coefficients:

agﬂlmﬂl = AMM---M Clg = A;L 1 < l <N — 1
and
—ak +aftt =0 0<k<I—1 1<I<N-1 (11)
LY Mok 1L e ke 42 b1 = = X PR .

Due to the symmetry of the coefficients the only solution of the system (11) is:

k —
aﬂl...u( - Al’-ln-ﬂl

0<k<I 0<I<N

where all the coefficients of (10) are also symmetric with respect to permutations of lower
indices. This unique solution yields the operalbyr of the form determined in (9) and that
concludes the proof. |

Now, having two solutions of the equation of motion

A@)G =FA(—3)=0 (12)
we are able to construct the current
J,=Ff,(3,-3)G (13)
with
_ <~ N-1 < < «— _ _ «—
(9, —0) Z A (=06, ) (=05, )& + 80, 09, + AuCy + )

=

which obeys the deformed conservation law

> Dy, J, =0. (14)
"
Let us recall the definite integrals introduced in [15] fulfilling the fundamental relations
a t
/ Dyu(r) dug(t) = u(a) — u(t) / Dyu(r) dug(r) = u(t) —u(d) (15)
t b
a t
D¢/ u(t) dug(t) = —u(r) D¢/ u(t) dug(t) = u(t) (16)
t b

which are correctly defined when there exist (finite or not) the following limits:
lim ¢"(t) =a lim ¢~"(#)=b. a7
n—o0 n—00
When only one of the limits exists we can use only one of these integrals in further

construction. After integrating over the spatial variables we obtain the integrals of motion,
which in the four-dimensional model appear as follows:

Q(x0) = / dig, ding, dig, Jo(xo, x)

(18)

Dy, O(x0) = — / ditg, dirg, ditg, ZD‘W Jr = boundary terms= 0.
k

This equation means th& is in fact constant on the time lattice.
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3. Models with non-symmetric generalized difference derivatives

3.1. The conservation laws

Our aim is to derive the conservation laws for equations of motion depending on the
generalized non-symmetric difference derivatives. We shall start as before from the Leibnitz
rule which now appears as follows:

dpf - g(1) =By f ()T () + f(1)dyg(2) (19)
and leads to the equality

0pf - £78(1) = g3 (1) — F(NI}g(t) = f[D4 — }]g(®) (20)
where we have used the conjugate operator

o) = —dp¢ . (21)
For the difference ang-derivative this operator is of the form

D =-D, o = —q 19,1

Let us now consider the equation of motion

N
A@) =" Auypids,, -0y, (22)

where the coefficients (which may be matrices) are constant and symmetric with respect to
the permutation of the set of indicég; ... u,;) for eachi.

As we can see, the equation of motion depends on the partial generalized difference
derivatives, but our construction applies to mixed models with difference and differential
derivatives as well. All the formulae for mixed models in the symmetric and non-symmetric
cases can be obtained by inserting the respective partial differential derivatives and taking
into account the fact that the operatowith respect to the corresponding variable becomes
identity and the discrete integral is then the continuous one. An example of such a model
is the «-Klein—Gordon equation [1] for which we have presented the conservation law and
integrals of motion in [15], as well as theDirac equation [4].

Similarly to the previous section we construct the unique local (in the sense of section 2)
operatorT,, fulfilling the equality

Y (g, =3} ) 0Tu(8, 8" = AD) — A@) (23)
n

N-1 1 - - ; ;
r,(o,0h = 3 ; Ao 0 gy -+ 09, 0, oo By + Dy (24)

Let us check this formula to show the meaning of the product
Y (g, - 0;) 0 r,(a,dh

m

=

-1 1
“«— <« <« 4 T J[ <« ]L
> M 0, - g, (3g, — 05,000, -3y +Nu(3g, —3y)

I k=0

Il
a8

= A(9) — A@D.

In the following proof we can see by construction that the operBfpigiven by (24) is
unique in the class of local discrete operators.
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Proof. As in section 2 within this proof we denote the monomials of derivatives acting on
the right- and left-hand sides as follows:

4 _ < <=
[/Ll,...,uk]Za(;ul...a(})#k [Mla-'wﬂk]: 8%...8%.

From the Leibnitz rule (19) for the non-symmetric derivative it is clear that we should
consider now the general polynomial of ordér— 1 with functional coefficients. It has the
following form:
N-1 1
Z [T | Mk]aw1 sl sz, - ] + a2
I=1 k=
We apply the condition (23) to the general form of the solution in order to derive the explicit
formulae for the coefficients:
> (B, =3} ) 0 T,(d, 8"
n
N-1

!
Z Z [ty -y pas M]a,ﬁm,,,u,[ukﬁtl, Wit 2s - - - M)
=1 k=0 &

-
MN

[/’L]J e lu’k] Z (é’ljaﬁﬂlmﬂ,) [M’ M1 M2, - - -5 I’L/]
1z

N
Il
N
~
Il
(=}

1

-

VST Z (3;“0,]2,“,,,,‘,) [Hkras s, - ooyl
nw

N
Il
i

k=0

+

e

=Y @adlul = Y (0], a%) = A@) — A@).
Iz u

As in the proof from section 2, we compare the coefficients of monomials of the same type
on both sides of the above condition and obtain the following set of difference equations
for the functionSal’jlmH/_ (no summation over repeating indices):

- 0
Co W = Dpr LA, =Ny 1<I<KN-1 (25)
and
k - k+1 Tk _
gy~ S Ysap s stitisois Z 8¢aaw1---muuk+1..-m =0 (26)
o
where

0<k<gi-1 1<IKN-1.
Starting from (25) we get the unique constant solution for the coefficights

0
aﬂl»»»ﬂl = AM1~~~M1 1 < l < N.

This symmetric constant solution for initial coefficients allows us to evaluate the remaining
ones, and we see that they are also constant and symmetric:

ay =N 1<I<N 1<k<l.

The derivation of the explicit formulae for the unique solution of the coefficients of the
operatorT",, concludes the proof of the formula (24). O
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Now we need two solutions of the corresponding equation of motion and its conjugate
version:

GA(9) = A@HF =0. (27)
These solutions allow us to construct the currénin the form
J,=GPl,(9,0hF (28)
where
. N-1 1 - - ; ;
f,(0,0h = > Ay 0y, - 04,80 0, -0y, T AL (29)
=1 k=0

This current is conserved according to the following conservation law:
> 0y, =0 (30)
"

where the generalized non-symmetric difference derivative replaces the differential
derivatives from the classical formula.

In the proof of this equality we use the modification of the Leibnitz rule (20) and the
property of the operator,, (23):

S 0= 0, [Gf“ﬂ(g, aT)F]
n I

N-1 1
= Z%G[ D Apiran (4, - (a%);—la;ﬂ a;ﬂ[ +AM;I;} F

2 =1 k=0

N-1 |
= Z G |: Z Aum m(aml '(8¢uk)(8¢u - 3;,4)35;”“1 cee 3;‘”

w =1 k=0
+ Au(By, — aj)ﬂ)} F
=G[A(D) — A@NH]F =0.
As the functionsG and F fulfil the corresponding equations of motion (27) the current (28)

is conserved.

3.2. Integrals of motion

Let us recall the inverse operator for the non-symmetric generalized difference
derivative [12, 13]:

/ diy (7) u(r) = Zu[¢> O1[P" (1) — ¢" (1)] (31)

[ ooy e = Yo ate 0l 0 — 97 0], (32)
n=1
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These operators obey the fundamental laws of the definite integration:

3¢,/ dig(t) u(r) = —u(t) / dug (t) dgu(r) = u(a) — u(t) (33)
t t
t t
8¢/ dug () u(r) = u(?) / dig (t) dpu(t) = u(t) —u(b). (34)
b b
Provided the definitions are correct that means there exists (finite or not) the limit
lim ¢"(t) =a

corresponding to the construction of the operator (31) or
lim ¢7" () =b
n—oo
which allows us to define the operator (32).
We can use now these operators to construct the integrals of motion as

0(xo) = / Ao, (x1) ity (¥2) Qpigy (x3) Jo(xo, ) (35)

This integral is constant on the time lattice due to the conservation law (30).
Let us note that the construction can easily be extended to models with arbitrary space
dimension. In this case we simply integrate over all the spatial dimensions in (35).

4. Applications

We shall apply the method derived above to a few examples, namely to the nonlinear
difference and generalized difference equation of a mechanical system as well as to the
g-wave equations being the realizations of the eigenvalue problem of the Casimir operator
for the corresponding quantum algebras [3].

4.1. Nonlinear difference equation

Let us start with the following nonlinear difference equation:
qi(t + 2h) + qi(t — 2h) = fi(q(?)) k=1,....,N (36)
wheret € hZ. This equation can be reformulated to a symplectic map [8], but here we
consider only the integrals of motion for the above equation.
According to our method we can rewrite this equation as follows:
72 _ Jilq(@)) + 2g,(2)
Dth (t) = T
where we have used the symmetric difference derivativeg@nd= q(¢)-q(z). We construct
the integrals of motion by the use of formulae (28), (29):

(37)

J=d"l¢"+¢ )D-DE +¢ )léq. (38)
It is clear that the equation (37) is invariant with respect to translation and rotations. So we

chooses as¢ and R where R denotes the:-dimensional rotation matriR"R = 1. When
we assume that the functiorf fulfil the equality:

q'¢cf—fTcq=q"Rf—fTRq=0
we obtain the integrals of motion for equation (37):
D,J =0. (39)
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The same procedure can be applied to more complicated equations that depend explicitly
on the lattice variables:

Poar(t) = Flg(0]. (40)
As before we can write down the integrals of motion as

J ="l +% )3 —dp(c + T )IRg (41)
provided that the functiofr fulfils the equality

q'RF—F'Rq=0

where R denotes the matrix of rotation.

4.2. The g-deformed wave equationD = 3

We shall apply the procedure to thedeformed wave-equation, which was considered by
Floreanini and Vinet [3] in the form
[(DH)? - DD, ] =0 (42)

We use the original notatation here, where the pagtiderivatives act as follows:
D} (1, x1,x2) = 11— + DO, x1, x2) = (1 — )9, D (1, x1, x2)

D, @1, x1,x2) = %, (=2 + D, x1, x2) = (L= ¢ )9, P(1, x1, x2) .

Let us quote the realization of the symmetry operators of this equation obtained in [3],
which after reformulation form the quantum algebra:

. 1 1
P, = D; Py=_—D, Po= - Dx
1+g 1+q ™
_ 1
M=¢%? D=gqigteld
Gi= 1 (D, —q*uDDe  Ga= (D, — D))
1-q 7 to 1-q " o
(43)
b=y (q1*Dy, + x{D;, — q(L+ )x1t D — (L — @)x1)¢ >
Ko= g 2@ 1D+ 52Dy — a9t D — A=)t
1
Ko=1=yp2 (@t + q°x1xp) Df — 101Dy +x2Dp) + (L= g 2.

Having these transformations of the solution of the wave equation we can construct the
conserved current acording to equations (20), (24) and (29). Let us start with the modification
of the Leibnitz rule:

D 16 g = £(Dr = (DH)g

D, f&%e = f(D; - (@)1
where

(DH' = -Djf ¢~ (D;)' =-D; ¢

Xi
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The operatof” takes the form

o= D; + (D) (44)
ri=-D, T,=—D). (45)

We now consider the solutions of the wave equation and of its conjugate:

[(D?-D.D,]G=0  G=35d (46)

[(Df?-D;D ] F=0 (47)

X1 X2

wheres$ denotes transformations leaving thevave-equation invariant (43) and obtain the
conserved current

J,=GI,F (48)
where

fo= D¢ +¢ (D))

I = —15_;2 e [o=—¢t4(Dp)" .

It is clear from the results of section 3 that the following conservation law is fulfilled
on-shell ((46), (47)):

D Jo+ Dy, J1+ Dy, Jo=0 (49)
and it can also be rewritten using the standgsderivatives as

0 do+33(=q "t =g D+ 83 (—g 7t~ g2 2 =0. (50)
The conservation law thus obtained yields the integrals of motion

o = /dm duo Jo(t, x1, x2) = /dm duo 5(13[[)?4“,_ + ¢ (DHF (51)

where di; denotes the measure in the definite integral correspondilagzto

4.3. Theg-deformed wave equation D = 4

We shall repeat the construction for the wave equation in four-dimensional space, in light-
cone coordinates [3]:

[D, Dy, — DD} ]®=0. (52)
As before, we consider the solutions of (52) and of its conjugate

[D.D., - DD ]s®=0  [DLD,-DiD:]'F=0 (53)
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wheres is taken from the set of transformations commuting with jhevave equation [3]:
P=D. i=12 P,~=Dx+i i=34

Xl

My =gl My =c¢let Ms=c¢les

G = 1-4 (xaDy, — qx1D})¢ Gy = 1-4 (x3D, — gx1D} )¢t
Gs = 1-4 (xaD_, — qx2D})¢ Ga= 1-4 (x3Dy, — qx2D)¢t
1 _ _
K= m(c]lexzD; — x1x3D, — xax3D + q)chj3 + (1 - @)x3)¢,? (54)
1 _ _
K> = m(qleng;; —x1x4D; — xoxaD, + qx‘%D;4 + (1 - q))m)(xtz
1 _ _ _
K3 = m(—qxzng; - q)c2x4D;4 +gq lX3X4DX1 + xzszz - (1- q)xz)g“gz
1 _ _ _
Kq= m(—qxlxw; — gx1xaD, + g xaxa Dy, + x2D; — (1 — @)x)¢ 2.
We obtain the current in the form
J, =8®0,F (55)
where the operator appears as follows:
=Dy To=¢ D) (56)
3= -Dfty F4=—¢ (DY (57)
The current thus constructed obeys the conservation law
D_Ji+ D, J2+ D] Js+ D Jy=0 (58)
which can also be written using-derivatives as
83&1 Ji+ 8;31J2 +9,°(—q)J3 + 9,(—q)Ja = 0. (59)

However, in this case we cannot construct the constants of motion as we are in light-
cone coordinates and we do not yet know the formula for changing variables for partial
g-derivatives.

5. Final remarks

In this paper the conservation laws and integrals of motion for a class of equations of motion
for discrete and mixed models have been derived.

In order to extend our investigations to arbitrary equations with generalized difference
derivatives we should aim at derivation of the Noether-type theorem for such models. So
far we have obtained preliminary results [12] for models described by standard difference
derivatives. It seems to be interesting and possible to consider as a special case of such
a theorem general models invariant with respect to transformations that do not act on the
lattice.

As we have shown [13] in discrete mechanics, we obtain equations that include the
generalized difference derivative and its conjugate. This class of equations remains to be
investigated.
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